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Figure 1: City center and residential neighborhood blocks with different Vertical Mix Indices

Abstract

Land Use Mix (LUM) is a central concept in urban development
theory, advocating the integration of distinct primary functions
such as residential, commercial, and public spaces within urban
environments, contributing to increased street vitality, reduced
car dependency, and support for alternative transport. However,
LUM remains difficult to define and quantify. Existing frameworks
decompose it into scale, dimension, and texture, where the verti-
cal dimension refers to stacking functions within buildings (e.g.,
retail below residential). While horizontal LUM has been quanti-
fied, vertical LUM remains largely unmeasured. Procedural urban
generation pipelines focus on urban form rather than functional
composition; although density measures such as Floor Space In-
dex (FSI) and Ground Space Index (GSI) are used, LUM is rarely
incorporated as a controllable parameter. This paper introduces the
Vertical Mix Index (VMI), a novel metric to quantify vertical LUM
and integrate it into procedural urban generation. Results show
that increasing VMI produces greater vertical functional mixing,
though its effectiveness depends on alignment between density
distribution, functional allocation, and generative constraints.
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1 Introduction

Procedural city generation has become an important tool for gen-
erating large-scale urban environments in games, simulation, and
digital urban modeling. Modern systems are highly capable of gener-
ating extensive road networks, dense skylines, and visually convinc-
ing architectural variation [29]. User control within these systems
is commonly expressed through macro-level density adjustments
implemented either via population density maps, reference images
or through parametric urban morphology indices such as the Floor
Space Index (FSI) and Ground Space Index (GSI) [21, 24, 33].
Furthermore, land use allocation generators may be used to create
distinct horizontal zones across the terrain, such as a city center or
a residential district [8, 15, 18]. While density and zoning can in-
fluence the size, shape, height, and visual appearance of structures
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to imply their perceived function, they do not explicitly control
the internal functional composition and vertical organization of
buildings. As a result, explicit control over vertical land use mix
remains largely absent from current procedural city generation
workflows.

In real cities, urban functions rarely exist in isolation. Commer-
cial ground floors are commonly combined with residential or office
spaces above, parking is frequently integrated underground below
buildings, and rooftops increasingly host recreational or public
functions. These forms of vertical land use mix (LUM) emerge
from land scarcity, density pressure, economic incentives, and ac-
cessibility constraints, especially in dense urban environments. One
of the most influential advocates for mixed-use urbanism was Jane
Jacobs in The Death and Life of Great American Cities [10], where
she argued that active and walkable cities depend on the integration
of multiple urban functions rather than strict single-use zoning. As
cities become denser and increasingly vertical, the organization of
functions across height becomes an important aspect of how urban
environments are experienced.

This limitation in procedural city generation can become rel-
evant in interactive and explorable virtual worlds. The vertical
organization of functions may influence how urban environments
are traversed, perceived, and experienced. Dense mixed-use envi-
ronments can create stronger variation in activity, more layered
navigation patterns, and more believable transitions between dis-
tinct functional spaces. Controllable vertical mixing can therefore
provide procedural generation systems with a new dimension of
urban variation beyond purely geometric form and strict zoning.
Given this gap in procedural city generation methods, as well as
the lack of a formal measure for vertical LUM, we present our main
research question:

How can vertical LUM be quantified and integrated as a
controllable design parameter within computational urban
generation systems?

To investigate, we split it into the following three sub-questions:

RQ1: Which characteristics of real-world vertical LUM are rele-
vant for procedural urban generation?

RQ2: How can vertical LUM be defined as a quantitative index?

RQ3: To what extent can this index be integrated into a proce-
dural city generation system as a controllable design parameter?

The main contributions of this paper can be summarized as:

(1) The Vertical Mix Index (VMI), a quantitative measure for
vertical land use mix suitable for procedural city generation.

(2) A hierarchical framework for distributing density and ver-
tical mixing targets across districts, neighborhoods, and
blocks.

(3) A block generation pipeline for approximating target VMI,
FSI, and GSI values.

2 Background & Related Work

This section reviews related work from urban development and
procedural city generation, as this research bridges both domains
through controllable vertical LUM. The historical development,
definitions, and quantitative measures of LUM are first discussed,
followed by existing forms of density and functional composition
control within procedural city generation.
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1989 Philosophy | Year
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New urbanism | Early
19805 [Hum

Sustainable 1987
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Key: Mixed uses
¥ Urban planning Urban design Landuse [ Jrimeline S
philosophy and principle mix Walkable 2005 [Small size blocks
movement urbanism Variety of dwelling types

Liveable street in compact blocks
Mix-use design

Figure 2: Examples of Land Use Mix related urban develop-
ment theories since the 1970s [11]

2.1 Land Use Mix & Verticality

Land Use Mix (LUM), also referred to as mixed-use development,
describes the spatial integration of multiple urban functions within
a defined area. By bringing residential, commercial, office, and
recreational functions into closer proximity, LUM has been as-
sociated with increased walkability, reduced automobile depen-
dence, enhanced social interaction, and more active urban environ-
ments [10, 31].

Historically, urban functions were often organically intertwined
through mixed residential and commercial structures, particularly
in pre-industrial cities [34]. During the twentieth century, however,
modernist planning and Euclidean zoning promoted the spatial
separation of urban functions, reinforcing mono-functional urban
patterns. Criticism of these approaches, most notably by Jacobs [10],
later renewed interest in functional diversity and reintegration.
Contemporary planning therefore increasingly approaches LUM
not as the absence of zoning, but as the strategic integration of
functions within regulated urban frameworks [34]. As a result,
LUM has become a recurring principle within planning paradigms
such as compact cities, transit-oriented development, and walkable
urbanism (Figure 2).

Despite its widespread adoption, LUM remains difficult to define
and measure consistently. LUM operates across multiple scales,
textures, and spatial dimensions [9, 27], including the horizontal
dimension of mixing across districts or neighborhoods, the vertical
dimension of stacking functions within shared ground space [20],
and the temporal dimension in which spaces accommodate different
uses over time.

Vertical LUM most commonly appears through commercial ground
floors with residential uses above, though more complex com-
binations may additionally integrate office, public, recreational,
or parking functions [20]. As cities densify and land availability
becomes constrained, vertical organization becomes increasingly
important, reflected in concepts such as vertical urbanism [17]
and volumetric urbanism [4], which conceptualize cities as layered
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three-dimensional systems rather than predominantly horizontal
compositions.

models may integrate multiple stages to produce more organic
settlement growth [16].

o . . . 2.3.2 Applications of PC@®Vithin game development, procedural
2.2 Quantitative Indices in Urban Analysis city generation serves multiple purposes. It may be deployed dynam-
Quantitative measures are essential for comparing urban environ- jcally at runtime to generate unique city layouts during gameplay,
ments. Among the most widely used are density indices such as the or utilized o ine as an assistive tool to support and accelerate man-
Floor Space Index (FSI) and Ground Space Index (GSI), representingyal world creation Rg. Procedural generation is also widely used

the ratios of total oor area and building footprint area relative to
land area respectively.
Let |ang denote the total horizontal land area under consider-
ation, oo the total accumulated oor area of all buildings, and
footprint the total building footprint area. The indices are then
de ned as:

FSI= oor footprint

land
Together, these indices describe built intensity and are widely
used in comparative urban morphology analys&q. Various quan-
titative measures have been proposed to capture LUM, includ-
ing diversity-based, interaction-based, and compatibility-based in-

GSI = 1)

land

dices B4. These may operate either as aggregate measures for
the entire study area or as local measures across smaller spatial

units such as grids or bu ers31. Common approaches include
entropy measures, clustering metrics, dissimilarity indices, and
exposure-based methods.

Despite their usefulness, aggregate LUM measures su er from

several limitations because they compress complex spatial organi-

zation into a single value. Hess et a4 argue that such measures
treat all land use combinations equally despite their di ering ur-
ban implications, cannot distinguish between directly integrated

within sandbox environments that support user-generated settle-
ments. One notable example is the Generative Design in Minecraft
(GDMC) competition 2§, in which participants develop proce-
dural algorithms capable of generating settlements on randomized
Minecraft terrain.

In architectural and urban design contexts, PCG systems are
often referred to as parametric urban design tools, where designers
can regulate urban form through con gurable parameters. These
systems are commonly used to prototype buildings, blocks, or neigh-
borhoods under varying density and spatial constraints.

These applications highlight the importance of controllable ur-
ban parameters, as di erent experiential, functional, or visual char-
acteristics may be desired depending on the intended application
domain.

2.4 Controllability in Procedural City
Generation

The balance between automation and user control remains a central
challenge in procedural generation. Fully automated systems max-
imize scalability and diversity through stochastic variations, but
o er limited direct in uence over the output. Conversely, introduc-
ing user control constrains the generative space while improving
design precision and intentionality. This creates an inherent tension

functions and uses separated spatially, and assign identical scores between procedural autonomy and explicit authorial control. Mod-

to reversed proportional distributions that may produce very dif-
ferent urban environments. Manaugh et alg further question
whether perfectly even land use distributions should necessarily
be considered optimal.

Although existing LUM measures capture horizontal land use
relationships e ectively, they were not designed to explicitly repre-
sent vertically overlapping functional organization within urban
environments.

2.3 Procedural City Generation
Given the predominantly horizontal focus of existing LUM mea-

ern procedural systems therefore increasingly combine automated
generation with user-guided constraints and parameterized control
mechanisms. [30]

2.4.1 Types of User Contrblser control in procedural city genera-
tion may regulate infrastructure networks, land allocation, building
morphology, and the distribution of functions across urban regions.
Density acts as a unifying concept across many controllability di-
mensions, in uencing infrastructure intensity, building morphol-
ogy, and land use mixing. Consequently, indices such as FSl and GSI
are commonly used to analyze existing cities, with density used to
guide procedural generation. Additionally, land use allocation sys-

sures, the question arises how such concepts may be incorporated tems provide forms of 2D LUM through the horizontal distribution

into procedural city generation. Procedural city generation encom-

of zones across the terrain, which can be used to infer urban density.

passes a broad range of approaches for generating settlements,in turn, density can be used to visually imply functional composi-

districts, or metropolitan environments across varying terrain con-
ditions.

2.3.1 PCG Pipeline PhilosopRyocedural city generation com-
monly relies on hierarchical pipelines in which large-scale layout de-
cisions are progressively re ned into ner architectural detai2f.
Typical work ows generate terrain and land allocation rst§],
followed by road networks 32, parcel subdivision, and building
generation through rule-based grammars or parameterized trans-
formations. CityEngine 24 remains a prominent example of this

tion through building morphology and facade textures. However,
density does not explicitly regulate how functions are combined
vertically within buildings Kim et al. L4 argue that procedural city
generators should evolve beyond purely visual plausibility to in-
corporate functional, demographic, and infrastructural dimensions,
emphasizing the importance of representing urban functionality in
procedural environments.

2.4.2 Procedural Control MechanisMsller et al. 24 introduced
CityEngine, a procedural city generation system driven by geo-

approach, while simulation-based systems such as agent-basedgraphical and sociostatistical maps controlling population density,
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zoning distribution, street patterns, building heights, elevation, and
land-water boundaries. Similarly, Mizdal et aB][allow users to
adjust village size and density within a terrain-aware settlement
generator.

Other approaches emphasize direct or assisted interaction during
generation. Benes et al2] allow users to modify urban nuclei and
paint roads interactively, while Nishida et al2f generate road
networks from user-provided OpenStreetMap examples. Image-
guided approaches further infer urban morphology from visual
reference data [13, 33].

Several approaches incorporate user control over horizontal LUM
at the district or neighborhood scale. Lyu et al{ introduced a
hierarchical procedural urban layout framework allowing users to
control population distributions, road network patterns, and the
proportions of residential, industrial, commercial, o ce, and green
space land uses. Groenewegen et 8].qimilarly generate city
layouts from high-level parameters such as city size, geographic
location, and terrain conditions, distributing functional districts
through attraction and repulsion relationships derived from ur-
ban land use theories. Lechner et alq further emphasize artist
steerability through interactive land use painting and editable de-
velopment constraints.

Within architecture and computational urban design (CAAD),
parametric approaches further emphasize controllable urban gener-
ation through adjustable urban morphology indices and rule-based
spatial relationships. Mei et al2fl] developed a density-driven
Grasshopper framework using planning indices such as oor area
ratio (same as FSI) and coverage constraints to guide urban form
generation, while Elzeni et al7] call for the use of more indices
within urban generation and propose a classi cation framework
with a variety of indices for urban morphology indicators. Simi-
larly, Akay et al. [1] introduce a plot-based algorithmic framework
that incrementally controls urban block formation through asso-
ciative relationships between parcels, building con gurations, and
environmental performance constraints.

Collectively, these approaches demonstrate that contemporary
procedural city generation systems can already provide substantial
control over infrastructure generation, density, morphology, and
horizontal land use organization. However, these controls primarily
regulate geometric form and planar functional allocation. Explicit
control over how multiple urban functions coexist and overlap
vertically within individual building volumes remains largely absent
from existing procedural generation work ows.

3 Methodology

This methodology addresses the integration of controllable vertical
LUM within procedural city generation through three components.
First, VMI is de ned as a quantitative measure of vertical functional
diversity. Second, density and vertical mixing targets are distributed
hierarchically across the urban environment. Finally, block-level
generation procedures are used to realize target GSI, VMI, and FSI
values while respecting functional compatibility constraints.

3.1 Quantifying Vertical Land Use Mix

Before quantifying vertical LUM, it is important to note that the
degree of observable vertical mixing depends on the granularity
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of functional categorization. For example, a broad commercial
category may alternatively be subdivided into retail, dining, en-
tertainment, or cafés. Finer classi cations naturally reveal higher
degrees of functional mixing and therefore remain an important
contextual parameter when interpreting vertical LUM.

To quantify this phenomenon, we introduce théertical Mix
Index (VMI) , a measure of vertical functional diversity within an
urban area. VMI captures the extent to which distinct functional
categories coexist vertically, normalized over the total land area.
Unbuilt space is treated as a functional category itself, namely
open space, representing pedestrian movement, recreation, and
communal public use. This interpretation additionally allows fu-
ture extensions involving elevated walkways, overhangs, tunnels
through buildings, or bridges between buildings.

Let 1ang R?denote the horizontal land area under consider-
ation. For any horizontal positior? 2 |5ng, l€t21?7° denote the
number of distinct functional categories present within the vertical
column passing througl?. By de nition, 21?° 1 for all locations.

The Vertical Mix Index is de ned as:

o
1
VMI = - 21703«
J IandJ land

wherej |angj denotes the total horizontal land area.

Conceptually, VMI represents the expected number of distinct
functional categories encountered within a vertical column sampled
uniformly across the urban environment. VMI can be used both
as a city-wide aggregate measure and as a block-level measure
capturing localized forms of vertical LUM. From the perspective of
existing LUM classi cations, VMI is most closely related to diversity
and interweaving-based measures, as it quanti es the co-location
of distinct functional categories. Unlike entropy or proportion-
based diversity indices, VMI does not measure proportional balance
between land uses and neither does it encode the vertical ordering
of functions. It should therefore be interpreted as a measure of
vertical LUM rather than a complete representation of vertical land-
use composition. Consequently, when used to guide procedural
generation, VMI must be complemented by additional constraints
governing functional composition.

)

3.2 Hierarchical Generation Framework

To evaluate the integration of VMI within procedural city genera-
tion, a simpli ed hierarchical generation framework is proposed
in which density and functional composition can be explicitly con-
trolled. Rather than reproducing detailed architectural realism, the
framework focuses on the spatial organization and vertical overlap
of urban functions. The generator operates hierarchically across
four spatial scales:

city ! district! neighborhood block

Density and vertical mixing targets are distributed top-down
through the hierarchy, allowing heterogeneous local conditions
while collectively satisfying aggregate city-level targets. Each zone
is associated with a moderator responsible for managing and prop-
agating its assigned density model to its child zones.

Following propagation, blocks estimate their required ground
area from their assigned density parameters. These estimates are
aggregated upward through the hierarchy until the city obtains
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an estimated required size. The terrain is then partitioned using For higher GSl values, an inset-based footprint generation method
a power-diagram approach to assign district, neighborhood, and is used instead. In this mode, block boundaries are uniformly inset
block boundaries based on the required ground oors calculated. until the resulting geometry approximates the target GSI. Depend-
Once generated, blocks can be realized independently according to ing on the selected con guration, the inset geometry is either used

their assigned density models.

3.2.1 Density ModeThe generation process is guided through a
con gurable density model consisting of quantitative urban param-
eters distributed hierarchically throughout the city. These include
FSI, GSI, VMI, network complexity, and proportional distributions
of functional oor space across categories such as residential, com-
mercial, o ce, public, transit, and parking space.

The density distribution process is controlled through a global
con guration le de ning zone-speci ¢ tendencies for each param-
eter. Each index is associated with con gurable bias and exibility
parameters. Bias values de ne directional tendencies relative to
the parent zone, while exibility values determine how strongly
child indices may vary around those tendencies. Together, these
parameters determine the number and characteristics of generated
child zones and guide block-level realization.

3.3 Block-Level Generation Pipeline

directly as a compact central building mass or subtracted from
the block to produce perimeter-block morphologies with interior
courtyards.

3.3.3 VMI Realization and Functional Assignmiit. realization
happens through two stages. First, the number of functions that
buildings need to host in order to approximate the target VMI
is determined. This is done by iteratively incrementing building
functionality counts using heuristic building selection while re-
peatedly evaluating the realized block-level VMI until the target is
su ciently approximated.

The second stage assigns the actual functions and vertical order-
ing within each building. Rather than assigning functions indepen-
dently, the generator distributes compatible bottom-to-top function
sequences across the block using a scarcity-aware allocation pro-
cess. Candidate sequences are ltered according to compatibility
and geometric feasibility constraints to ensure plausible vertical
organization. The assignment process prioritizes functions with

Once the density models have propagated throughout the city hier- limited future placement opportunities to reduce infeasible con-
archy, each block is realized according to its assigned target density gurations and produce more balanced functional distributions
parameters_ Block generation approximates these targe’[s rather across the block. Detailed implementation details of this process
than matching them exactly. The process proceeds in three stages: are described in Section 4.

building footprints are generated to approximate GSlI, functionality
counts and compatible sequences are assigned to building footprints
to approximate VMI, and number of oors are assigned for each
function to approximate FSI and functional oor-space demands.

3.3.4 FSI RealizatioBecause the framework explicitly models
multiple functional uses, aggregate FSl is internally decomposed
into function-speci ¢ oor-space shares, making FSI realization
equivalent to approximating the required oor space for each func-
3.3.1 Functional Volume Representaturing generation, func-  tional use individually.

tions are rst organized as vertical sequences per building before ~ Given building footprints and assigned numbers of functions
being transformed into volumetric representations for storage and  per building, oor space is allocated through a greedy iterative
visualization. Generated spatial data is stored in a PostGIS databaseprocess that reduces the remaining oor-space de cit for each
where zones are represented as 2D polygons and functional spacesfunction. At each step, the function with the largest unmet demand
as 3D polyhedral volumes. Each functional volume corresponds is selected, and additional oors are assigned to a feasible building

to a speci c urban function, whose height is determined by the
assigned number of oors and a xed oor height. To simplify
vertical mixing, each oor hosts only a single function, although
neighboring building footprints may touch or partially connect to
form larger continuous building masses, creating oors with mixed
functionalities. Roads are assumed to exist along block boundaries
without being modeled explicitly as geometry. This abstraction,
together with the omission of interior layouts of the functional
volumes, allows the framework to focus on functional composition
and vertical organization of the urban environment.

3.3.2 GSlI RealizatioBuilding footprints are generated using dif-
ferent realization strategies depending on the target density. For
lower GSl values, building footprints are generated through an itera-
tive growth process. The process begins by placing minimum-sized
building footprint seeds using a Poisson-like stochastic distribution
aligned to nearby block borders. These initial footprints then ex-
pand incrementally in directions with the greatest available space
while ensuring block containment and preventing overlap with
neighboring buildings. Growth continues until the target GSl is
reached or no further feasible expansion remains possible.

already hosting that function while respecting height limits and
constraints imposed by the assigned sequence. Building selection
favors con gurations that provide the most e cient increase in
oor space, typically those with larger footprints, while avoiding
over-concentration of a single function or excessive dominance
of individual buildings to maintain balanced heights. This process
continues until the desired functional distribution is approximated
or no further valid assignments remain possible.

4 Block Generator VMI Implementation

This section describes the implementation details of the VMI-related
components of block generation. Speci cally, it addresses two prob-
lems: how target VMI values are approximated within generated

blocks, and how compatible functions are selected and vertically
ordered within building stacks.

4.1 Approximating VMI

The implementation calculates VMI separately over built and un-
built areas before combining them into a single block-level value.
Each building footprint is treated as a uniform spatial region with
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a distinct functional count, since each oor within a building is
restricted to a single functional assignment.

Let = fli°1*””"edgdenote the set of generated buildings
within a block. For each individual buildingg, we de ne:

g as the horizontal footprint area of the building,
2 as the number of distinct functional categories assigned

to the building.
The remaining unbuilt or open space within the block domain,
unbuilt, iS de ned as:
G
unbuilt = land g’ 3)
81

Unbuilt open space is assumed to possess exactly one functional
assignment and therefore contributes a baseline functional count
of 1. The continuous global VMI target is subsequently calculated

as an area-weighted sum across the entire block:
i =
VMI = 81 828, unbuilt 1,, (4)
land

During the generation process, functionality counts per building
are iteratively incremented until the realized VMI approaches the
VMI target. This process is guided by admissible functional com-
binations and building-speci c feasibility rules. For example, the
maximum number of functions that can be assigned to a building
is bounded by the largest valid functional sequence available using
the requested function set of the block, while geometric feasibility
constraints may restrict the amount of vertical stacking achievable
for a given building footprint.

4.2 Assigning Compatible Function Sequences

Because VMI alone does not dictate functional compatibility or ver-
tical ordering, the generator uses prede ned bottom-to-top function
sequences ltered according to spatial and positional constraints,
such as stack length limits, minimum footprint dimensions, and
functions restricted to lower or upper oors.

Algorithm 1 summarizes the global sequence assignment pro-
cess. Rather than assigning functions independently per building,
the generator performs a scarcity-aware allocation that iteratively
distributes function sequences while tracking remaining functional
capacity targets. Each assigned sequence contributes the building
footprint capacity toward the demand targets of every function
contained within that sequence. This allows the system to prior-
itize functions with limited future placement opportunities and
avoid assignments that would later prevent feasible con gurations
elsewhere in the block.

Residential, commercial, o ce, and transit functions are treated
as exible uses that may vertically mix with compatible functions.
In contrast, parking is restricted to the bottom of compatible stacks,
public space to the top of compatible stacks, and public buildings are
not compatible to be mixed with, and are only allowed as standalone
structures.

The ComputeHostabilityfunction estimates how many remain-
ing buildings can still accommodate each active functioRyy*5°
counts the number of remaining buildings that can host functién
in at least one candidate sequence, whilgit15° identi es cases
where5 can only be accommodated in highly restricted ways, such
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Algorithm 1 Scarcity-Aware Function Sequence Assignment

Require: Buildings

Require: Functional capacity targets

Require: Valid bottom-to-top function sequencés
Ensure: Function sequence assigned to each building

= f 5] 5 0g

22*g5 Oforall52

3"

4. forall 12 do

5: 1 GenerateCandidateSequenteg« °
6: 1  FilterByConstraint$ ;¢1°

7: end for

8: while ' <; do

o: 5 maxt0; 5 *g°forall52
100 9 f 5§ 5i 0g

1: if O=; then

12: break

13:  end if

14: forall 12' do

15: 9 f B2 1j852B-2 U
16: end for

iz 0 f Qj12'g

18: ComputeHostability %'« ®
19: 11 «B°  SelectBestPdir % o ©
20: if 11 «B°isinvalidthen

21: break

22:  endif

23:  AssignSequenéé «B°

24: forall 52B do

25: *g  *g, FootprintCapacityl °
26: end for

27: ! "nflg

28: end while

as through singleton candidates. These values allow the algorithm
to prioritize functions with limited future placement opportunities.
The SelectBestPaiunction ranks feasible building sequence
pairs using a hierarchical prioritization scheme based on function
scarcity, future placement exibility, unmet demand, and secondary
preference ordering. Sequences containing functions with limited
future placement opportunities are prioritized rst, while addi-
tional penalties discourage assignments that would prevent critical
functions from being placed later in the process. Preference is also
given to assignments that improve coverage of remaining func-
tional de cits and encourage vertical mixing when other criteria
are equal. By prioritizing constrained functions before more exible
ones, the generator is able to produce more balanced functional dis-
tributions while reducing infeasible future assignments. Following
sequence assignment, each selected function receives a minimum
oor allocation used to initialize the subsequent FSI realization step.

5 Results & Discussion

This section presents and discusses the results of the proposed
VMI framework. Real-world examples of vertical LUM are rst
shown to contextualize the targeted forms of mixing, followed by a
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